Abstract. We propose a setup capable of generating Fock states of a single mode radiation field. The scheme is based on coupling the signal field to a ring cavity through cross-Kerr phase modulation, and on conditional ON-OFF photodetection at the output cavity mode. The same setup allows to prepare selected superpositions of Fock states and entangled two-mode states. Remarkably, the detector's quantum efficiency does not affect the reliability of the state synthesis.
Introduction
The generation of optical radiation number (Fock) states is of importance for a number of different applications, ranging from high resolution spectroscopy to fundamental tests of Quantum Mechanics. In quantum communication, Fock states achieve the optimal capacity of quantum channels [1] , whereas in optical quantum computation superpositions of Fock states are needed as input states [2] . The synthesis of Fock states also allows to experimentally characterize active optical devices [3] . In this paper, we suggest a novel preparation scheme for Fock states and their superpositions. In our proposal, a traveling wave mode is coupled to a ring cavity through cross-Kerr phase modulation. The cavity mode serves as a probe, and a successful photodetection at the cavity output reduces the signal mode to a predetermined output state. The proposed setup can also be used to synthesize two-mode entangled states by using an additional Kerr medium, with possible applications in quantum information and quantum teleportation technology. The scheme works with high-Q cavities and conventional ON-OFF photodetectors, whereas it needs relatively large nonlinearities. These should be available in the next-future technology, since recent theoretical [4] and experimental [5] developments indicate that huge Kerr phase shifts of the order of 1 radiant per photon can be obtained through electromagnetic induced transparency.
Experimental apparatus and Fock state synthesis
The scheme, depicted in Fig. 1 , is based on a ring cavity, coupled to the external radiation modes through two very low transmissivity τ beam splitters (BS) and a cross Kerr-medium. A tunable phase shifter, which shifts the field in the cavity by a phase ψ, is included in the device. One of the two cavity input modes (a 1 ) is pumped with a coherent source, while the other one (a 2 ) is left in the vacuum. Of the two output modes, one (b 2 ) is monitored with an ON-OFF photodetector D (which measures the presence or absence of the radiation field), the other one (b 1 ) is ignored, so that it is traced out. As will be shown in the following, whatever is the state of the input signal mode, a number state will be found at the output mode d 2 conditioned to a successful measurement at the detector D. Upon fulfillment of certain conditions shown in the mode d2, starting from two coherent pumps. The scheme is based on a conditional ON-OFF photodetector D, a non linear Cross-Kerr medium and a phase shifter ψ. The cavity input radiation modes are labelled a, the output modes b, the cavity modes c and the signal mode d. The quantum efficiency of the photodetector is not a crucial parameter, as it only affects the production rate of the device and not the quality of the generated states.
following, superpositions of number states can also be generated. In principle, the specific number state (or superposition) that will be created is controlled by tuning the phase ψ. We now show how the device works by analyzing the dynamics of its components in the Heisenberg picture. In principle, it would be necessary to quantize the field in the cavity starting from its classical equations of motion, as for example in [6] . However, we show that the same results are more easily obtained with a simple one mode model of the cavity, by simply identifying the output mode c 2 at the beam splitter BS2 with the input mode c 3 at BS1 (see Fig. 1 ). Let a 1,2 denote the two input modes for the ring cavity, b 1,2 the two output modes, c 1 the cavity mode exiting BS1, c 2 the cavity mode exiting BS2, c 3 the cavity mode exiting the Kerr medium and the phase shifter, and d 1 and d 2 the input and output signal mode respectively. In the Heisenberg picture, the input-output relations which characterize the components of the scheme are BS1:
BS2:
Kerr and Phase shift:
where τ is the transmissivity of the two beam splitters, χt is the Kerr susceptibility multiplicated by the interaction time, and ψ is the phase shift imposed to the cavity field mode by the phase shifter. From Eqs. (2.1) the output modes b 1,2 of the cavity can be expressed as a function of the input cavity and signal mode as
where ϕ . = −χtd † 1 d 1 + ψ is the overall phase shift due to the Kerr medium and the phase shifter. Notice that the coupling with the signal mode is in the dependence of ϕ on the signal input mode d 1 .
From the Heisenberg evolution of the modes (2.2), one obtains the state |Ψ out in the cavity output modes (before the measurement) by using the creation operators b † 1,2
and by expressing the input state |Ψ in on a Fock basis of the input modes a 1,2 :
Consider the overall input state ̺ in composed by a coherent state in mode a 1 , vacuum in a 2 and generic state in d 1 (which will be described by the density matrix ν ss ′ in the Fock basis), i.e.
Through Eq. (2.3) we obtain the output state (before detection by detector D) on the modes b 1,2 and d 2 as
where ϕ n . = −χtn + ψ. After tracing out mode b 1 , the state ̺ bd becomes
The state (2.6) now undergoes a reduction at detector D. An ON-OFF photodetector, with quantum efficiency η is described by the two value probability operator measure (POM)
which is obtained from the Mandel-Kelley-Kleiner formula [7] . The final state after the reduction in mode b 2 , in the case of a successful (ON) photodetection is given by
where N is a normalization constant. Notice that the phase factors in the exponential in (2.8) do not play any role, as, in the working regime we exploit, these factors tend to one.
In the limit τ → 0, the effective transmissivity σ(ϕ) of the cavity tends to a sum of Kronecker deltas
where l * = 2π χt is the distance between the peaks, and n * = ψ χt is the position of the first peak. For the values of l * and n * for which the quantity kl * + n * is not an integer, there is no contribution to the sum in (2.9). In fig. 2 From Eqs. (2.8) and (2.9) it is clear that for small values of the Kerr susceptibility χt (i.e. l * high enough so that ν il * +n * ,jl * +n * ≃ 0 for both i and j nonzero) and for high pump value |α| ≫ 1, the output state approaches a Fock state:
Notice that the state |n * to be synthesized can be controlled by varying the phase ψ. In Fig. 3 (|3 + |8 ). In the left plot, notice a residual component at the Fock state 13, which results from the term k = 2 in the sum (2.9). Here, the quantum efficiency of detector D is η = 10%, the modulus of the cavity pump is α = 8, the BS transmissivity is τ = .06. In the right plot we used τ = .2, to show the smearing effect of a bad cavity. Photon number and state measurement. The proposed device can also be used for the measurement of the photon number distribution of an unknown quantum state. The probability of successful (ON) detection, in fact, is given by
and for sufficiently high l * and |α| ≫ 1, is proportional to one of the diagonal elements of the input density matrix P ON ≃ ν n * n * . Thus, if an ensemble of identical states is impinged into the device in mode d 1 , by tuning the cavity to different values of n * and measuring the relative frequency of ON photodetection, one can obtain ν n * n * . This allows the measurement of the photon number distribution of an arbitrary state, using less experimental data and lower quantum efficiency detectors than in homodyne tomography (which is the currently used experimental procedure for reconstructing the number distribution of arbitrary states). Moreover, by using the least-squares inversion method outlined in [9] and by displacing the input state with a beam splitter, it is possible to reconstruct also the truncated density matrix of the state in the Fock basis. The details for such an experimental setup will be given elsewhere.
Entanglement creation. A modified version of the proposed experiment may also be used for the production of two-mode entangled states. One only has to use two Kerr crystals inside the cavity, as shown in Fig. 6 . In this case, the total phase 
2 .
shift imposed by the cavity is given by the sum of the effect of each Kerr medium. For identical Kerr crystals K1 and
, where n * 1 and n * 2 are the eigenvalues of the number states in the modes d
(1) and d (2) impinging into each of the Kerr crystals. In this case, Eq. (2.9) becomes
and the output state (2.10) for τ ≪ 1 and |α| ≫ 1 now reads (3.15) that is obtained in the limit of low Kerr nonlinearity χt ≪ 1 (i.e. l * ≫ 1). For input signal pure states
, one finds
It is obvious that any multipartite entanglement between many modes could be synthesized in principle, by increasing the number of Kerr media in the cavity. This method could then be used also to generate Greenberger-Horn-Zeilinger states.
Feasibility
We now analyze the effect of detector's D quantum efficiency. As can be seen from Fig.  7 , lowering the detector's quantum efficiency actually purifies the state. Qualitatively this can be explained by noticing that in Eq. (2.8) the lowering of η contributes to the convergence exploited in Eq. (2.10) to produce the Fock state (or the superpositions). It would seem that one could actually increase the output signal quality by using low efficiency photodetectors. The drawback is given in terms of production rate of the desired Fock states. It is obvious that it is less probable for a non-efficient photodetector to click, so the production rate is drastically decreased. In fact, the probability of a successful ON photodetection is given by Eq. (3.13), from which one can see that P ON exponentially decreases with decreasing η, and which for τ → 0 and |α| ≫ 1 tends to
The quantum efficiency η of the detector in the proposed device is, therefore, not a critical parameter, so that ordinary photodetectors may be used in the experimental setup. Using low efficiency photodetection does not reduce the quality of the output states, but only it affects their production rate. On the left η = 100%, while on the right η = 1%. This shows how lowering the detector's quantum efficiency enhances the quality of the state. The cost is paid in terms of a lower production rate: the probability (3.13) of obtaining the state depicted on the left is P ON ≃ 0.789, while on the right P ON ≃ 0.106.
The actual feasibility of the proposed experimental setup relies on the availability of good ring cavities, suitable Kerr nonlinearities, and ordinary photodetection. The cavity couples to the outside modes through small transmissivity beam splitters τ ≃ 0.1 ÷ 0.01%. The Kerr nonlinearities that are needed are of the order of χt ≃ 0.01 for the creation of number states and of the order of χt ≃ 0.1 for obtaining superpositions. Photodetection with quantum efficiency as low as η = 1% has been shown to be effective. The output state must be controlled by varying the phase shift ψ which can be varied, in ordinary experimental setups, in steps of the order of π 500 [8] . To our knowledge, the experiment for the generation of Fock states or two mode entangled states should be feasible with laboratory technology now available. The creation of Fock state superposition may ask for Kerr nonlinearities which are not yet available in the optical domain, though recent results [4, 5] indicate that giant non-linear shifts of the order of 1 radiant per photon may be obtained through electromagnetically induced transparency.
Conclusions
In conclusion we have proposed an optical device capable of creating optical Fock states, selected superposition of Fock states, and two mode entangled states. The experimental setup is composed of a high-Q ring cavity coupled with the signal mode through a crossKerr medium and an ON-OFF photodetection. A successful photodetection reduces the signal mode to a predetermined output state. We have shown that imperfect photodetection does not affect the quality of the output states. The same device can be also used for the measurement of the photon number distribution and of the density matrix in the Fock basis. The applications for such a device in the modern "Quantum technology" are numerous and span through many of the fields of advanced quantum optics research.
